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WEAK APPROXIMATION FOR FANO COMPLETE
INTERSECTIONS IN POSITIVE CHARACTERISTIC
JASON MICHAEL STARR, ZHIYU TIAN, AND RUNHONG ZONG
Abstract. For a smooth curve B over a field k = k with char(k) = p, for
every B-flat complete intersection XB in B ×Spec k P
n
k
of type (d1, . . . , dc),
we prove weak approximation of ÔB,b-points of XB by k(B)-points at all
places b of (strong) potentially good reduction, if the Fano index is ≥ 2 and
if p > max(d1, . . . , dc). Assuming this inequality, which is nearly sharp, such
complete intersections are separably uniruled by lines, and even separably ratio-
nally connected. This also applies to specializations of complex Fano manifolds
with Picard rank 1 and Fano index 1 away from “bad primes”.
1. Introduction and Statement of Results
The formulation of weak approximation is close to the infinitesimal lifting property
for smooth morphisms. So we review this; the expert can skip to Theorem 1.1.
For each integer n ≥ 0, the functor of projective n-space, PnR, over a (com-
mutative, unital) ring R associates to every R-algebra A all equivalence classes of
A-module quotients of A⊕(n+1) that are locally free of rank 1. These are locally
equivalent to A×-orbits (under simultaneous scaling) of (n+1)-tuples (a0, . . . , an) ∈
A⊕(n+1) such that the A-submodule 〈a0, . . . , an〉 ⊂ A equals A.
A projective R-scheme in PnR is a zero locus XR = Zero(g1, . . . , gc) for a c-tuple
(g1, . . . , gc) of homogeneous polynomials gj ∈ R[t0, . . . , tn] of degree deg(gj) = dj >
0. An A×-orbit [a0, . . . , an] is in XR if and only if gj(a0, . . . , an) equals 0 for every
j = 1, . . . , c. For S an R-algebra, the base change scheme XS ⊂ P
n
S represents
the restriction of this functor to S-algebras.
For c ≤ n, the Jacobian ideal of the projective R-scheme XR = Zero(g1, . . . , gc) is
the homogeneous ideal in in R[t0, . . . , tn]/〈g1, . . . , gc〉 generated by all c× c minors
of the c × (n + 1) Jacobian matrix [∂gj/∂ti]. By the Jacobian criterion, the R-
smooth locus of relative dimension n− c is the open complement in XR of the
zero locus of the Jacobian ideal. If this equals all of XR, then XR is an R-smooth
complete intersection. In this case, it is also R-flat of relative dimension
n− c: for every R-algebra κ that is a field, the κ-scheme Xκ has dimension n− c.
For a general R-scheme XR, the R-smooth locus of relative dimension n− c is
the union of all open subschemes ofXR that are R-isomorphic to an open subscheme
of the R-smooth locus of relative dimension n− c for Zero(g1, . . . , gc) as above. If
this equals all of XR, then XR is R-smooth of relative dimension n− c.
Date: December 31, 2018.
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1.1. Weak Approximation over Function Fields. A quasi-projectiveR-scheme
XR is R-smooth of some (locally constant) relative dimension precisely if the follow-
ing map is surjective for every e ≥ 0 and for every R-algebra Ô that is a complete,
local Noetherian ring with unique maximal ideal m̂,
ρXR,Ô,e : XR(Ô)→ XR(Ô/m̂
e+1).
The coordinate ring R = OB of a connected, affine Dedekind scheme B is a normal,
Noetherian, integral domain with maximal ideal mB,b for every closed point b ∈ B.
The associated local ring OB,b is a discrete valuation ring (DVR): mB,b ⊂ OB,b
is a free module of rank 1. Denote by ÔB,b, resp. by m̂B,b, the mB,b-completion
lim
←−e
OB,b/m
e+1
B,b , resp. the completion of mB,b. Denote the restriction map by
ρXB ,b,e : XB(ÔB,b)→ XB(ÔB,b/m̂
e+1
B,b ).
A projective B-scheme XB satisfies weak approximation at distinct closed points
(b1, . . . , bδ) of B if for every integer e ≥ 0 the following two maps have equal image,
ρXB ,b1,...,bδ,e : XB(B)→
δ∏
i=1
XB(ÔB,bi/m̂
e+1
B,bi
),
δ∏
i=1
ρXB ,bi,e :
δ∏
i=1
XB(ÔB,bi)→
δ∏
i=1
XB(ÔB,bi/m̂
e+1
B,bi
).
When XB is B-smooth over an open U ⊂ B containing all bi then each bi is a place
of good reduction, in which case weak approximation is equivalent to surjectivity
of the first map ρXB ,b1,...,bδ,e for every integer e ≥ 0.
Similarly, a closed point b of B is a place of potentially good reduction as a
complete intersection if there exists a local homomorphism of DVRs,
(ÔB,b, m̂B,b)→ (Ô
′, m̂′),
and an Ô′-smooth complete intersection X ′
Ô′
with tame, Galois extension,
Γ = Aut(Frac(Ô′)/Frac(ÔB,b)),
such that X ′
Frac(Ô′)
is Frac(Ô′)-isomorphic to the base change XFrac(Ô′) of the
generic fiber XFrac(R). If also the natural Γ-semilinear structure on XFrac(Ô′) ex-
tends to a Γ-semilinear structure onX ′
Ô′
, then b is a place of (strong) potentially
good reduction as a complete intersection. When κ(b) is algebraically closed
of characteristic prime to #Γ, then the extension is tame.
Theorem 1.1 (Weak Approximation for Complete Intersections). For every smooth,
affine, connected curve B over a field k = k, for every B-flat complete intersection
XB ⊂ B ×Spec k P
n
k of c hypersurfaces of degrees (d1, . . . , dc), weak approximation
holds at every place of (strong) potentially good reduction as complete intersections
provided that the Fano index is ≥ 2, and p := char(k) satisfies p > max(d1, . . . , dc).
The Fano index is i := n+1−(d1+ · · ·+dc). Please compare this theorem to Tsen’s
Theorem below. Tsen’s Theorem is sharp: whenever i ≤ 0, there are examples with
XB(B) empty. Also, there are many examples of singular XB with i positive such
that XB(B) is a singleton set.
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Theorem 1.2 (Tsen’s Theorem). [Tse36] With notation as above, there exists at
least one B-point of XB provided that the Fano index is ≥ 1.
In characteristic 0, theWeak Approximation Conjecture of Hassett and Tschinkel
predicts that weak approximation holds at all places for every B-flat projective va-
riety XB whose geometric generic fiber XFrac(B) is smooth and separably rationally
connected. The Weak Approximation Conjecture in characteristic 0 was proved by
Hassett and Tschinkel at places of good reduction, [HT06], and it was proved by the
second and third authors at places of (strong) potentially good reduction, [TZ10].
In particular, this proves Theorem 1.1 in characteristic 0.
The proofs of all of these theorems, including Theorem 1.1, make essential use of the
infinitesimal deformation theory over complete local rings such as ÔB,b for closed
subschemes of a projective scheme, as developed by Kodaira-Spencer, Mike Artin,
Illusie, et al. They also make essential use of rational curves in geometric fibers
of XR (images of non-constant morphisms with domain P
1), particularly those free
rational curves, resp. very free rational curves, such that infinitesimal deformations
of the morphism freely extend even after precomposing by a positive-degree self-map
of P1, resp. such that for each effective divisor in P1, after precomposing by a self-
map of P1 of sufficiently positive degree, infinitesimal deformations of the morphism
relative to the divisor extend freely. Smooth projective schemes that contain such
a rational curve are separably uniruled, resp. separably rationally connected ; this is
intimately connected to positivity properties of the tangent bundle TX .
1.2. Separable Rational Connectedness andWeak Approximation. A smooth
projective variety X is Fano if the first Chern class c1(TX) of the tangent bundle
TX is ample, in which case the Fano index is the largest positive integer i such
that c1(TX) equals i times an (integral) Cartier divisor class. For smooth com-
plete intersections in Pn of dimension n− c ≥ 3, the Picard group is cyclic (every
projective embedding is obtained by a Veronese re-embedding followed by a lin-
ear projection), so that the entire Picard group is generated by a unique ample
generator O(1), whose Cartier divisor class is called the hyperplane class. By the
adjunction formula, the first Chern class is i times the hyperplane class for
i = (n+ 1)− (d1 + · · ·+ dc).
Thus, the complete intersection is Fano if and only if i ≥ 1, in which case the Fano
index equals i. In particular, every curve in X has c1(TX)-degree ≥ i.
The study of rational curves on varieties has been crucial to the study of Fano
manifolds since Mori’s seminal paper proving that every Fano manifold is covered
by rational curves of c1(TX)-degree bounded by dim(X)+1, [Mor79]. In particular,
dim(X) + 1 is an upper bound for the least c1(TX)-degree of a rational curve in
X . This least c1(TX)-degree is the Fano pseudoindex ψX of X . For smooth
complete intersections of dimension n− c ≥ 3, the Picard group of X is cyclic, and
every Fano complete intersection contains lines so that the Fano pseudoindex ψX
equals the Fano index i.
Fano manifolds of Fano pseudoindex i = 1 are special: there are entire irreducible
components of the parameter space representing κ-morphisms from P1A to X that
are everywhere obstructed (they have nonzero obstruction group to infinitesimal
deformations as constructed by Kodaira-Spencer, Mike Artin, Illusie, et al.), and
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this persists even after precomposing with a positive degree self-map of P1 and
allowing small deformations. To avoid this pathology, we must restrict to Fano
manifolds of Fano pseudoindex ≥ 2.
A non-constant κ-morphism from P1κ to an κ-smooth, projective variety X is free if
the pullback of TX is globally generated on P
1: this is equivalent to unobstructed-
ness of every morphism obtained by precomposing with a positive degree self-map
P1A → P
1
A, and it is stable under small deformations of the morphism. A smooth
projective variety is separably uniruled if and only if it has a free rational curve,
this implies that X is covered by curves with positive c1(TX)-degree, and these are
equivalent in characteristic 0, [MM86]. Similarly an κ-morphism from P1κ to X is
very free if the pullback of TX is ample: this is equivalent to unobstructedness
of morphisms relative to an arbitrary effective divisor in P1κ for all morphisms ob-
tained by precomposing with a self-map of sufficiently positive degree. A smooth
projective variety is separably rationally connected if and only if it has a very
free rational curve, this implies that X is covered by curves on which the restric-
tion of TX is ample, and these are equivalent in characteristic 0, [Kol96, Theorem
IV.3.7], [BM16]. Finally, if a general pair of geometric points are connected by
a free rational curve (that is not necessarily very free), the variety is freely ra-
tionally connected, cf. [She10]. In characteristic 0, this is equivalent to being
separably rationally connected, but they may differ in positive characteristic. In
characteristic 0, Fano manifolds are separably rationally connected, [KMM92].
Separable rational connectedness implies weak approximation at places of (strong)
potentially good reduction by two theorems of the second and third authors.
Theorem 1.3. [TZ10, Theorem 1.3] For every field k = k, for every cyclic group
Γ of order prime to char(k), every smooth, projective k-scheme with a Γ-action is
Γ-separably rationally connected if and only if it is separably rationally connected.
A smooth, projective, connected k-scheme Y with an action of Γ by k-isomorphisms
is Γ-separably rationally connected if Y Γ is nonempty and for every k-point
(y0, y∞) ∈ Y
Γ ×Spec k Y
Γ, there exists a Γ-equivariant, very free k-morphism,
u : (P1k, 0,∞)→ (Y, y0, y∞),
where Γ acts faithfully on P1k by scaling by roots of unity.
Theorem 1.4. [TZ10, Theorem 1.5] For every smooth, affine, connected curve B
over a field k = k, for every flat, projective B-scheme, weak approximation holds at
all places of (strong) potentially good reduction such that the (base change) smooth
fiber is separably rationally connected.
Remark 1.5. In [TZ10, Theorem 1.5] there is a hypothesis that k has characteristic
0. However, this hypothesis is only used to deduce that the closed fiber is separably
rationally connected: every smooth specialization of separably rationally connected
varieties in characteristic 0 is separably rationally connected. The explicit tree of
rational curves and infinitesimal deformation theory from [TZ10, Section 4] is valid
in arbitrary characteristic. Also, the alternative strategy of Roth-Starr works in
arbitrary characteristic.
Problem 1.6. For an R-smooth projective scheme XR whose geometric generic
fiber is separably rationally connected and whose closed fiber is freely rationally
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connected, is the closed fiber separably rationally connected? Is the closed fiber
equivariantly rationally connected for the action of a tame cyclic group Γ?
Using Theorems 1.3 and 1.4, weak approximation at places of (strong) potentially
good reduction as complete intersections follows from separable rational connect-
edness of complete intersections. Let R be a DVR whose residue field characteristic
equals p. Let XR be an R-smooth, projective scheme whose generic fiber is a
complete intersection in Pn of type (d1, . . . , dc).
Theorem 1.7. (Separable Rational Connectedness for Complete Intersections) If
the Fano index is ≥ 2, and if p > max(d1, . . . , dc), then the closed fiber is separably
uniruled by free lines and freely rationally connected. It is separably rationally
connected if it is a complete intersection.
Remark 1.8. There is a related result proved by the “rational curves working
group” of the AIMWorkshopRational Subvarieties in Positive Characteristic, 2016.
Among other results, this working group proved that for every smooth, degree d
hypersurface Xk ⊂ P
n
k with i ≥ 2, if p > (d!)((d!) − 1)
n−d−1, then every line in
Xk containing a sufficiently general point is a free line. This is relevant to positive
characteristic extensions of the Debarre – de Jong conjecture (where existence of
free lines is not sufficient). The method of proof of this result is quite different from
the method of proof of Theorem 1.7, following [Gut13, Section 4.2] rather than
Corollary 3.3.
The inequality in the theorem is nearly sharp. For an integer d > 1, the p-adic
valuation of d is the unique integer v ≥ 0 such that d = pve for a p-prime integer
e. The integer d is p-special, resp. p-nonspecial, if 1 ≤ e < p, resp. if e > p. An
ordered tuple of positive integers (d1, . . . , dc) is p-special if for every di ≥ p that
is p-divisible, resp. p-prime, the integer di is p-special, resp. the integer di + 1 is
p-special. Otherwise, it is p-nonspecial. Let k be an algebraically closed field k of
characteristic p.
Proposition 1.9. (Non-existence of Free Lines) For every p-nonspecial (d1, . . . , dc)
such that max(d1, . . . , dc) ≥ p, for every n such that Fano index is ≥ 2, there exists
a smooth complete intersection in Pnk of type (d1, . . . , dc), yet with no free lines.
Problem 1.10. Does the same result hold without the p-nonspeciality hypothesis?
1.3. Specialization of Separable Uniruledness. Separable uniruledness in char-
acteristic 0 implies separable uniruledness for smooth specializations over a field
whose characteristic is prime to an explicit integer D.
Definition 1.11 (Indices of curves on X). For every field K, for every integral
projective K-scheme X , for every r > 0, an r-uniruling of X over K,
(h, π) : Y → X ×Spec K M,
is a finite morphism of K-varieties such that π is proper and smooth with geometric
fibers P1 and such that the morphism from the r-fold fiber product is dominant,
h(r) : Y ×M · · · ×M Y → X
r, pri ◦ h
(r) = h ◦ pri.
Following [Kol96, Definition IV.1.7.3], the r-uniruling index, ur(K,X), is the
greatest common divisor of the degrees of h(r) for all r-unirulings with h(r) generi-
cally finite (or 0 if there are no r-unirulings). Note that u1(K,X) is positive if and
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only if XK is uniruled. For every r > 1, also ur(K,X) is positive if and only if XK
is rationally connected.
When XK is rationally connected, then for every field extension L/K, the kernel
of the following degree homomorphism is torsion,
degL,X : CH0(XL)→ Z.
Following [CL16], the torsion order, Tor(K,X), equals the exponent of this tor-
sion Abelian group for L = K(X).
Finally, for every m ≥ 0, the m-cycle index equals the positive integer im(K,X)
whose ideal in Z is generated by the following composite homomorphism,
CHm(XK)× CHm(XK)
∩
−→ CH0(XK)
degK,X
−−−−−→ Z.
Remark 1.12. By [BS83], the torsion order Tor(K,X) divides u2(K,X). However,
already for complete intersections in projective space of type (d1, . . . , dr), the torsion
order equals
∏
i(di!), which is much smaller than u2(K,X), [CL16], [Roj80, Lemma
4.3]. Also, if K has characteristic 0 then the following map has torsion cokernel,
CH1(XK)/CH
alg
1 (XK)→ HomZ(Pic(XK)/Pic
0(XK),Z).
The exponent of this cokernel is better than i1(K,XK) if the Picard rank is > 1.
Let B be a connected, smooth, quasi-projective scheme over Spec Z. For every
integer D > 1, denote by BD ⊂ B the open subscheme obtained by inverting D,
i.e., the inverse image in B of Spec Z[1/D]. Let XB → B be a smooth, projective
morphism of relative dimension n with geometrically connected fibers. Denote
by Spec K → B the generic point, and denote the generic fiber of XB by X =
Spec K ×B XB.
Theorem 1.13. (Separable Uniruledness in Mixed Characteristic) If X is geomet-
rically uniruled, then for D = u1(K,X), every fiber over BD is separably uniruled.
1.4. Stability of the Tangent Bundle and Separable Rational Connect-
edness. By the following theorem of the second author, separable uniruledness
implies free rational connectedness for manifolds with cyclic Picard group, resp.
it implies separable rational connectedness for manifolds with cyclic Picard group
and stable tangent bundle.
For a smooth κ-scheme Xκ, for every open subscheme U ⊂ Xκ whose complement
has codimension ≥ 2, the pushforward of each locally free OU -module of finite rank
is a torsion-free, coherent OX -module. Such torsion-free, coherent OX -modules are
reflexive.
For a smooth, projective κ-schemeXκ whose Picard group is generated by an ample
invertible sheaf OX(1), for every reflexive OX -module E of rank r > 0, the exterior
power
∧r
OX
E equals OX(d) on an open subset whose complement has codimension
≥ 2. The integer d is the degree of E . The slope is the fraction µ(E) = d/r.
Finally, E is stable, resp. semistable, if µ(F) < µ(E), resp. if µ(F) ≤ µ(E), for
every nonzero, reflexive OX -submodule F of E with rank < r.
Theorem 1.14. [Tia15, Theorem 5, Corollary 9] Over every field k = k, every
smooth, projective k-variety Xk that is separably uniruled with cyclic Picard group
is freely rationally connected. It is separably rationally connected if TXk is stable.
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In particular, a smooth complete intersection in Pnk is separably rationally connected
if and only if it is separably uniruled.
Problem 1.15. In characteristic 0, does every Fano manifold with cyclic Picard
group have a stable tangent bundle? Does this hold in positive characteristic?
For an algebraically closed field K, there is a general result of Miles Reid for Fano
manifolds XK with cyclic Picard group whose Fano index equals 1.
Theorem 1.16. [Rei78, Theorem 3] For K of characteristic 0 and XK as above,
the tangent bundle is stable.
We prove two cases of this for specializations to positive characteristic. The first
case uses “prime-to-p decompositions of the diagonal” and results of Totaro and
Gounelas-Javanpeykar on de Rham cohomology and Picard groups for specializa-
tions of Fano manifolds, [Tot16], [GJ18]. This version applies in the ramified case
and bounds the “bad primes” as divisors of Tor(K,XK) · i1(K,XK).
The second case uses the method of Kato, Fontaine-Messing, and Deligne-Illusie
on degenerations of the Hodge-de Rham spectral sequence (Fro¨hlicher spectral se-
quence) and crystalline cohomology, [DI87]. This version applies only in the unram-
ified case, it identifies the “bad primes” as all primes p ≤ dim(XK) and all prime
orders of torsion elements of H∗(XK), and it includes a hypothesis of no “extra”
torsion in crystalline cohomology (it is unknown whether such specializations of
Fano manifolds have “extra” torsion).
Let R be a complete DVR whose fraction field K has characteristic 0 and whose
residue field k is perfect of characteristic p (e.g., the Witt vectors W (k) of the
residue field). Let XR be a smooth, projective R-scheme of relative dimension n
with connected fibers. There is an associated specialization map of Picard groups
of geometric fibers,
specXR/R : Pic(XK)→ Pic(Xk).
Theorem 1.17 (Stability of Tangent Bundles in Mixed Characteristic). Assume
that the geometric generic fiber XK has effective first Chern class generating Pic(XK).
The geometric closed fiber has stable tangent bundle and specXR/R is surjective
if p is prime to Tor(K,XK) and specXR/R is surjective, e.g., if p is prime to
Tor(K,XK) · i1(K,XK). In this case, H
0(Xk,Ω
r
Xk/k
) vanishes for all r > 0.
Also the geometric closed fiber has stable tangent bundle and specXR/R is surjective
if p is larger than the dimension n, if R equals the Witt vectors W (k), and if the
crystalline cohomology W (k)-module H∗(X/W (k),W (k)) is p-torsion-free. In this
case, both H0(Xk,Ω
r
Xk/k
) and Hr(Xk,OXk) vanish for all r > 0, the components of
PicXR/R are finite, e´tale R-schemes, and all deformations of Xk are unobstructed.
Corollary 1.18 (Weak Approximation for Picard Rank 1 and Fano Index 1). In
the two cases above, if p is prime to D = Tor(K,XK) ·i1(K,XK) ·u1(K,XK), resp.
prime to D = (n!)u1(K,X), then the fiber Xk is separably rationally connected. For
every smooth, affine, connected k-curve B, for every flat, projective B-scheme, weak
approximation holds at all points of B of (strong) potentially good reduction where
the (base change) smooth fiber is isomorphic to such Xk.
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Remark 1.19. In the second case, since deformations of Xk are unobstructed,
existence of at least one B-section follows from deformation to characteristic 0
and [GHS03]. However, weak approximation certainly does not follow in that way.
Moreover, in the first case, since the deformations may be obstructed, even existence
of one B-section requires separable rational connectedness, [dJS03].
In principle, this corollary applies to index-1 Fano complete intersections in Pn, in
weighted projective spaces, in Grassmannians, and in other projective homogeneous
varieties with cyclic Picard group. However, bounding the integer u1(κ,X) seems
difficult. In fact, it seems difficult to explicitly compute the genus-0, Gromov-
Witten invariant 〈τe−2(ηX)〉0,e associated to free curves of minimal c1(TX)-degree
e ≥ 2; this Gromov-Witten invariant is an integer, and u1(κ,X) is a divisor of this
integer.
For Fano hypersurfaces of Fano index 1, the minimal degree e equals 2, and the
Gromov-Witten invariant 〈ηX〉0,2 has been computed, [BH10]. Recall that the
Catalan number is defined by
Cd =
1
d+ 1
(
2d
d
)
.
Theorem 1.20 (Weak Approximation for Index 1 Fano Hypersurfaces). For every
integer d ≥ 4, for the unique positive integer n = d such that the Fano index
equals 1, smooth, degree-d hypersurfaces in Pnk are separably uniruled by conics and
separably rationally connected if p > d and p does not divide (d+ 1)Cd − 2
d. Also,
Theorem 1.1 holds in this case.
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2. Proof of Theorem 1.17
The key step is a vanishing theorem. As in the statement of the theorem, let XR
be a smooth, projective scheme of relative dimension n over R, a complete mixed
characteristic DVR. Denote by K, resp. by k, the fraction field, resp. the residue
field. Assume that k is perfect of characteristic p.
Proposition 2.1 (Hodge Coniveau in Mixed Characteristic). Assume that the
geometric generic fiber XK is rationally connected. The geometric closed fiber has
vanishing de Rham cohomology groups H0(Xk,Ω
r
Xk/k
) for every r > 0 if the char-
acteristic p is prime to the torsion order, Tor(K,XK). If p is larger than the
dimension n, if R equals the Witt vectors W (k), and if the crystalline cohomol-
ogy W (k)-module H∗(X/W (k),W (k)) is p-torsion-free, then for every r > 0, both
H0(Xk,Ω
r
Xk/k
) and Hr(Xk,OXk) vanish.
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Proof. First assume that p is prime to the torsion order. Up to making the DVR
bigger, assume that k is algebraically closed, assume that there exists a K-point p
of XK . Consider the n-cycle γp := [∆X ] − [X × {p}] ∈ CHn(XK ×XK). For the
natural map Spec K(X)→ X , pullback of γp by the first factor of X ×X gives an
element in the kernel of
degK(X),X : CH0(XK(X) → Z.
By hypothesis, this element has torsion order dividing N = Tor(K,XK), and in
fact these are equal. Thus, up to making R bigger, assume that there exists a
decomposition of the diagonal in CHn(XK ×XK),
N [∆X ] = N [X × {p}] + Z2,
with Z2 equal to the pushforward of a cycle class from D × XK for some divisor
D ⊂ XK . By [Tot16, Lemma 2.4], also the kernel of the degree map has torsion
order prime to p,
degℓ,Xℓ : CH0(Xℓ)→ Z
for every extension field ℓ/k. Thus, by [Tot16, Lemma 2.2], for every integer r > 0,
the k-vector space H0(Xk,Ω
r
Xk/k
) equals zero.
Next assume that p > n, assume that R equals the Witt vectorsW (k), and assume
that the crystalline cohomologyW (k)-module H∗(X/W (k),W (k)) is p-torsion-free,
i.e., it is a finite, free W (k)-module. Since the geometric generic fiber XK is Fano,
it is separably rationally connected. Thus, all of the Dolbeault cohomology groups
h0,q vanish, as do h1,0 and h2,0. Since n < p, and since the crystalline cohomology is
p-torsion-free, also the cohomology groupsH0(Xκ,Ω
q
X/κ) vanish, as doH
1(Xκ,OX)
and H2(Xκ,OX), [DI87]. 
Lemma 2.2. For a smooth, projective scheme XR over R with connected geomet-
ric fibers, a complete DVR with fraction field K and residue field k, the relative
Picard R-scheme is a countable disjoint union of finite, e´tale R-schemes provided
H1(Xk,OXk) and H
2(Xk,OXk) vanish. If char(k) equals p and if H
0(Xk,ΩXk/k)
vanishes, then Pic(Xk) is p-torsion-free.
Proof. If Hr(Xκ,OX) vanishes for r = 1, 2, then every invertible sheaf on the
geometric closed fiber deforms uniquely to an invertible sheaf over the geometric
generic fiber by infinitesimal deformation theory. Since XR is proper and smooth
overR, also the relative Picard scheme satisfies the valuative criterion of properness.
It is a countable increasing union of open and closed subschemes that are finite and
e´tale which are indexed by Hilbert polynomials.
For the next part, we explain the fragment of the theory of Cartier isomorphisms
that we need. Assume that k is algebraically closed of characteristic p. Let L be
an invertible OXk -module, and let s be an isomorphism of OXk -modules,
s : L⊗p → OXk .
Every point of Xk is contained in a Zariski open affine U on which there exists a
trivializing isomorphism of OU -modules,
tU : OU → LU .
The composite s ◦ t⊗pU is multiplication by a section fU ∈ Gm(U). Multiplying
tU by gU ∈ Gm(U) modifies fU to fUg
p
U . In particular, the logarithmic derivative
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f−1U dfU ∈ ΩXk/k(U) is independent of the choice of trivializations. Thus, there
exists a global section α of ΩXk/k such that for every (U, tU ), the logarithmic
derivative f−1U dfU equals α.
If α equals 0, then every dfU equals 0. Then, e´tale locally, fU equals g
p
U for some
unique gU . Thus, there exists an e´tale cover X
′
k → Xk and a unique trivialization
t of L on X ′k such that s ◦ t
⊗p is the identity. The uniqueness of the trivialization,
combined with e´tale descent, implies that t descends to a unique trivialization of
L on Xk such that s ◦ t
⊗p is the identity. In particular, if H0(Xk,ΩXk/k) vanishes,
then there is no p-torsion in Pic(Xk). 
Finally, we recall some results of Gounelas and Javanpeykar.
Theorem 2.3. [GJ18, Theorem 1.2] With hypotheses as above, assume that XK
is rationally connected. Then for every prime ℓ 6= p, after tensoring with Zℓ, the
specialization map of Picard groups is an isomorphism. Thus, the cokernel of the
specialization map is a finite p-group.
Proof. This follows immediately from [GJ18, Theorem 1.2] and the smooth and
proper base change theorems for ℓ-adic e´tale cohomology. 
Corollary 2.4. Assume that the geometric generic fiber XK has effective first
Chern class that generates the Picard group. The specialization map on Picard
groups is an isomorphism if p is prime to Tor(K,XK) · i1(K,XK). Also the spe-
cialization map is an isomorphism if p is larger than the dimension n, if R equals the
Witt vectorsW (k), and if the crystalline cohomologyW (k)-module H∗(X/W (k),W (k))
is p-torsion-free. In this second case, also the obstruction group to infinitesimal de-
formations, H2(Xk, TXk/k), vanishes.
Proof. Lemma 2.2 immediately implies the second case. In this case, since the
relative Picard scheme is cyclic, and since there is an ample invertible sheaf by
hypothesis, in fact the dual of the relative dualizing sheaf is ample, i.e., the relative
dualizing sheaf is “antiample”. By Raynaud’s theorem, [DI87, Corollarie 2.8], also
Hn−2(Xκ,Ω
1
X/κ ⊗ L) vanishes for every antiample invertible sheaf L. For L equal
to ωX/κ, Serre duality then gives vanishing of the obstruction group,
H2(Xκ, TX/κ)
∨ ∼= Hn−2(Xκ,Ω
1
X/κ ⊗ ωX/κ).
Also, Lemma 2.2 implies vanishing of the p-torsion subgroup of the Picard group
in the first case. Thus, it suffices to prove that the Fano index rk of Xk equals the
Fano index rK of XK . If not, then by Theorem 2.3, we have rK = p
erk for some
integer e > 0, cf. also [GJ18, Theorem 1.3]. By specializing one-cycles from XK
to Xk and using constancy of intersection products (i.e., of Euler characteristics of
invertible sheaves on flat, proper curves over a DVR), then p divides the 1-cycle
index i1(K,XK), contradicting the hypothesis. 
The remainder of the proof follows closely the proof of [Rei78, Theorem 3]. By the
above, we can assume that H0(Xk,Ω
r
X
k
/k
) vanishes for every r > 0, and we can
assume that the specialization map on Picard groups is an isomorphism. In the
remainder of the proof, replace κ by k, i.e., assume that κ is algebraically closed.
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Let F be a nonzero, reflexive OXκ -submodule of Ω
1
X/κ of rank q < n. Then
∧q
OX
F
is an OXκ -submodule of Ω
q
X/κ of rank 1. Since Xκ is κ-smooth, also Ω
1
X/κ is locally
free, hence ΩqX/κ is locally free. Thus, this rank 1 submodule factors through its
determinant.
The geometric Picard group is generated by the class Hκ = c1(TX/κ). Thus, the
determinant equals OXκ(eHκ) for some integer e. If e ≥ 0, then the determinant is
effective, so that also H0(Xκ,Ω
1
X/κ) is nonzero, contrary to the previous paragraph.
Thus, e is negative. So the slope µ(F) is ≤ −1/q, and this is strictly less than
−1/n = µ(Ω1X/κ). Thus, Ω
1
X/κ is stable. Taking duals, also TX is stable.
3. Proof of Theorem 1.13
Let R be a DVR with residue field κ. Let hR : YR → XR be a surjective, projective,
generically finite morphism of flat, finitely presented R-schemes.
Lemma 3.1. If Xκ is integral, then there exists a dense open subset W of XR
containing the generic point η of Xκ such that W is regular, such that h
−1
R (W ) is
Cohen-Macaulay, and such that h−1R (W )→W is finite and flat.
Proof. Since R is a DVR, and since XR is a finite type R-scheme, the regular locus
XregR is an open subscheme of XR, [Gro67, Corollaire 6.12.6]. Since XR is R-flat,
also the intersection of XregR with Xκ equals the regular locus X
reg
κ of Xκ, [Gro67,
Proposition 6.5.1]. Since Xκ is integral, the regular locus X
reg
κ contains the generic
point η = Spec κ(Xκ). Thus, without loss of generality, replace Xκ by X
reg
κ , and
assume that Xκ is regular. Up to replacing XR by the unique connected component
containing η, also assume that XR is integral. Then XR is R-flat of constant fiber
dimension d.
By Chevalley’s theorem, there is a maximal, open subscheme U of XR over which
hR is finite. Since YR is R-flat, every associated point of YR maps to the generic
point of Spec R. Since hR is generically finite, this associated point also maps to
U . If the image does not equal the generic point of XR, then the closure of the
image is an R-flat, proper closed subset of XR, hence it does not contain the generic
point η of Xκ. Up to replacing XR by the open complement of such proper images,
assume that every associated point of YR maps to the generic point of XR, e.g.,
every irreducible component YR,i surjects to XR. Since hR is generically finite, also
YR,i is R-flat of constant fiber dimension d. By Krull’s Hauptidealsatz, both Yκ
and Xκ have pure dimension d. Thus, for every irreducible component Yκ,i of Yκ on
which hκ has positive fiber dimension ≥ 1, the closed image hκ(Yκ,i) has dimension
≤ d − 1. Since Xκ is integral of dimension d, this closed image is a proper closed
subset. Thus, up to shrinking XR once more, assume that hκ is also generically
finite. In other words, U contains η. Thus, up to replacing XR by U , assume that
hR is finite.
By Auslander’s theorem, [Gro67, Proposition 6.11.2(i), Corollaire 6.11.3], the Cohen-
Macaulay locus Y CMR of YR is an open subscheme of YR. Since YR is R-flat, and since
R is Cohen-Macaulay, the intersection of Y CMR with Yκ equals the Cohen-Macaulay
locus Y CMκ , [Gro67, Corollaire 6.3.5(ii)]. By the Generic Flatness Theorem, there
exists a dense open subset V of Xκ over which hκ is flat; denote the closed comple-
ment of V by C. Since Yκ has pure dimension d, and since hκ is finite, also h
−1
κ (V )
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is a dense open in Yκ. Since this dense open is flat over a regular scheme, it is
Cohen-Macaulay, [Gro67, Proposition 6.1.5]. Thus, Y CMκ is dense in Yκ. Up to re-
placing XR by the open complement of C, assume that Y
CM
R contains Yκ. Then the
closed complement D of Y CMR in YR maps finitely to a closed subset of XR whose
intersection with Xκ is empty. Thus, up to replacing XR by the open complement
of the closed image of D, assume that Y CMR equals YR, i.e., YR is Cohen-Macaulay.
Finally, since YR is Cohen-Macaulay, since XR is regular, and since hR is finite and
dominant, also hR is finite and flat, [Gro67, Proposition 6.1.5]. 
Proposition 3.2. With hypotheses as in the previous lemma, if the generic degree
of hR is prime to char(κ), then there exists an irreducible component Yκ,i of Yκ,
with its reduced structure, such that Yκ,i → Xκ is surjective, generically e´tale and
tame, i.e., the finite degree is prime to char(κ).
Proof. By the previous lemma, up to shrinking XR, assume that XR is regular and
that hR is finite and flat. Denote by deg(hR) the generic degree of hR.
The fiber Yη of hR over η is a finite κ(Xκ)-scheme whose length as an κ(Xκ)-module
equals deg(hR). This length equals the sum over all points y ∈ Yη of the product
of the length at y of Yη by the degree [κ(y) : κ(Xκ)]. Since this sum is prime to p,
there exists at least one point y such that [κ(y) : κ(Xκ)] is prime to p. In particular,
since the degree of this finite field extension is prime to p, this finite field extension
is separable. Thus the closure Yκ,i of this point in Yκ is an irreducible component
such that the induced morphism to Xκ is dominant and generically e´tale. 
Now let MR be an integral, flat, projective R-scheme, and let
πR : YR →MR, hR : YR → XR,
be projective R-morphisms such that π is flat with geometric generic fiber isomor-
phic to P1, and with hR surjective and generically finite of degree d.
Corollary 3.3. If d is prime to char(κ), then for at least one generic point η of
the closed fiber Mκ, at least one component of the fiber Yη is a free curve in Xκ.
In particular, if the geometric generic fiber of πR gives a free line in XK , then also
the closed fiber Xκ contains free lines.
Proof. By the previous proposition, there exists an integral closed subscheme Yκ,i
of Yκ such that the restriction,
hκ,i : Yκ,i → Xκ,
is surjective, generically e´tale, and tame. Since hR is a generically finite morphism
between integral schemes, this closed subscheme contains a nonempty open U sub-
scheme of Yκ. Up to shrinking, assume that hκ,i is e´tale on U . Then U is κ-smooth.
Since πκ is flat, the image V of U in Mκ is an integral, smooth κ-scheme that is an
open subscheme of Mκ. Thus, the closure Mκ,i of V is an irreducible component
of Mκ.
For the generic point η of Mκ,i, the closed subscheme Yκ,i is the closure of an
irreducible component Yκ,i,η of the π-fiber over η. Finally, since hκ,i is e´tale, the
curve Yκ,i,η is a free rational curve in Xκ.
As an irreducible component of the full fiber, the degree of Yκ,i is at most the degree
of the generic fiber of π. Thus, if the generic fiber is a line, also Yκ,i is a line. 
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Proof of Theorem 1.13. Every point b of BD maps to a point of Spec Z[1/D], either
Spec Q of Spec (Z/pZ) for a prime integer p not dividing D.
Consider first the case of Spec (Z/pZ). The closure C of {b} in B×Spec (Z/pZ) is
an integral, quasi-projective scheme over Z/pZ. Since Z/pZ is perfect, this scheme
is generically smooth. Thus, after replacing B by a dense open subscheme that
contains b, assume that b is the generic point of an integral, closed subscheme C of
B × Spec (Z/pZ) that is smooth over Spec (Z/pZ).
Since C and B × Spec (Z/pZ) are smooth over Spec (Z/pZ), the closed immersion
of C in B is a regular embedding of some codimension, say b. Also Spec Z/pZ
is itself a regular embedding into Spec Z of codimension 1. Thus, C is a regular
embedding into BD of codimension b+ 1. Denote the blowing up along C by
ν : B˜D → BD.
This is a regular scheme that is flat over Spec Z[1/D]. Moreover, the exceptional
divisor E = ν−1(C) is a (Zariski) locally trivial projective space bundle of relative
dimension b over C.
Consider the pullback XE of XM . Assume that there exists a pair of Spec (Z/pZ)-
morphisms
hE : YE → XE , πE : YE →ME ,
such that hE is dominant, generically e´tale, and tame over XE , and such that πE is
projective and flat with geometric generic fiber isomorphic to P1. For the maximal
open subschemeMoE over which πE is smooth, the inverse image Y
o
E is a dense open
subscheme.
By Lemma 3.1, there is a dense open subscheme of XE over which YE is flat.
Similarly, since the smooth locus is open, there is a dense open subscheme such
that the inverse image in YE is contained in the dense open Y
o
E , and such that hE
is e´tale on the inverse image open. Since XE is flat over E, the image of this dense
open subscheme contains a dense open subscheme of E.
Since E is a projective space bundle over C, there exists a rational section C 99K E
whose image intersects this dense open subscheme. Shrink BD further so that this
rational section is regular on C. The pullback of YE → E by this section gives a
diagram,
hC : YC → C, πC : YC →MC
such that hC is dominant, generically e´tale, and tame over C. Thus, to prove
the existence of YC , it suffices to find YE , i.e., it suffices to prove the result after
replacing BD by B˜D and after replacing C by E.
Denote by R the local ring of B˜D at the generic point η of E, and denote by XR
the pullback of XB. Since C is smooth over Spec (Z/pZ) and since BD is smooth
over Spec Z, also pR equals the maximal ideal of R, and the residue field equals
the function field of E. The fraction field of R equals K, the function field of BD,
and the generic fiber of XR equals the generic fiber X .
By hypothesis, p is prime to u1(K,X). By the definition of u1(κ,X), there exists
a dominant, generically finite morphism of degree d prime to p,
hoK : Y
o
K → XK ,
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and there exists a proper, smooth κ-morphism of relative dimension 1,
πoK : Y
o
K →M
o
K ,
whose geometric generic fiber is isomorphic to P1. Up to shrinking MoK , assume
that πoK is smooth. Then the relative dualizing sheaf ωπ has dual ω
∨
π that is π
o
K-very
ample with vanishing higher direct images, and with pushforward compatible with
arbitrary base change. Up to shrinkingMoK further, assume that the pushforward is
free of rank 3. Then Y oK is isomorphic to aM
o
K-flat Cartier divisor inM
o
K×Spec KP
2
K
of relative degree 2. The graph of hoK gives a closed immersion of Y
o
K inM
o
K×Spec K
P2K ×Spec K X .
By Nagata compactification, there exists a flat, projective schemeM ′R over R whose
generic fiber containsMoK as a dense open. Denote by Y
′
R the closure inM
′
R×Spec R
P2R×Spec RXR of Y
o
K . This is flat over a dense open subscheme ofM
′
R that contains
MoK . There is a blowing up MR → M
′
R such that the strict transform Y
pre
R of Y
′
R
is an MR-flat closed subscheme of MR ×Spec R P
2
R ×Spec R XR (e.g., take MR to
be the closure of the graph of the induced R-rational transformation from MR to
the R-relative Hilbert scheme of P2R ×Spec R XR). By Corollary 3.3, there exists a
free curve in the closed fiber Xκ. By standard limit arguments, for a dense open
subscheme of E, there is a family of free curves in the fibers of XE → E over this
dense open subscheme.
The proof in case b equals Spec Q is similar and easier. 
Proof of Corollary 1.18. The hypotheses of Theorem 1.17 all apply. Thus, the tan-
gent bundle of Xκ is stable. By the previous proof, also Xκ contains free rational
curves. By Theorem 1.14, the closed fiber Xκ is separably rationally connected.
Thus, for a fibration over a smooth, affine, connected k-curve B such that at least
one k-fiber is k-isomorphic to Xκ as above, there exists a B-section by [dJS03].
Finally, by [TZ10], weak approximation holds at every k-point of B such that the
fiber is k-isomorphic to suchXκ and at places of (strong) potentially good reduction
where the base change fiber is k-isomorphic to such Xκ. 
4. Free Lines on Complete Intersections
Let R be a commutative ring with 1. Let XR be a projective R-scheme; for simplic-
ity, assume that XR is R-flat. Let O(1) be an R-ample invertible sheaf on XR. Let
g, n, and e be nonnegative integers. For every R-scheme T , a genus-g, n-pointed
stable map to XR of O(1)-degree e over T is a datum
ζ = (π : C → T, (σi : T → C)i=1,...,n, u : C → XR)
of a proper, flat morphism π of relative dimension 1 whose geometric fibers are
connected, reduced, at-worst-nodal curves, of an ordered n-tuple (σi) of pairwise
disjoint sections of π with image in the smooth locus of π, and of an R-morphism
u such that the log relative dualizing sheaf,
ωπ,σ := ωπ
(
n∑
i=1
σi(T )
)
is u-ample (stability) and such that u∗O(1) has relative degree e over T . For a
genus-g, n-pointed stable map to XR of O(1)-degree e,
ζ˜ = (π˜ : C˜ → T, (σ˜i : T → C˜)i=1,...,n, u˜ : Ĉ → XR),
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a 2-morphism from ζ to ζ˜ is a T -isomorphism φ : C → C˜ such that u˜ ◦ φ equals
u and such that φ ◦ σi equals σ˜i for every i = 1, . . . , n. For every R-morphism
f : T ′ → T the f -pullback of ζ is
f∗ζ = (prT ′ : T
′ ×T C → T
′, ((IdT ′ , σi) : T
′ → T ′ ×T C)i=1,...,n, u ◦ prC : T
′ ×T C → XR) .
Altogether, these operations define a stack in groupoids Mg,n((XR/R,O(1)), e)
over the category of R-schemes.
Theorem 4.1. [AO01, Theorem 2.8] The stack in groupoidsMg,n((XR/R,O(1)), e)
is an algebraic (Artin) stack with finite diagonal that is R-proper. There is a coarse
moduli space,
fg,n,e :Mg,n((XR/R,O(1)), e)→ Mg,n((XR/R,O(1)), e),
and Mg,n((XR/R,O(1)), e) is a projective R-scheme. The maximal open subscheme
on which f is an isomorphism parameterizes stable maps that have only the identity
automorphism.
Corollary 4.2. For g = 0, for e = 1, and for every integer n ≥ 0, the morphism
f0,n,1 is an isomorphism, i.e., M0,n((XR/R,O(1)), e) is a projective R-scheme.
Proof. This is well-known, but we include a proof for completeness. It suffices to
check for every algebraically closed field, R → k, every stable map defined over
k has trivial automorphism group. Consider first the case that n equals 0. For
a genus-0 stable map u : C → Xk of degree 1, there is at most one irreducible
component on which u∗O(1) has positive degree. Since every other component
must be contracted by u, the stability hypothesis implies that C is irreducible.
Since C is a connected, at-worst-nodal curve of arithmetic genus 0, in fact C is
smooth. For every sufficiently positive integer d, the invertible sheaf O(d) is very
ample on X , so that the stable map gives a morphism C → PNd of degree d. The
automorphism of every such morphism is cyclic of order dividing d. Choosing d
among a set of sufficiently positive, relatively prime integers, the automorphism
group of the stable map is trivial.
For a stable map with n > 0,
(C, (q1, . . . , qn), u : C → Xk),
there is a unique irreducible component Ci of u such that u
∗O(1) has degree 1,
and every automorphism acts as the identity on Ci by the previous paragraph.
Let qn+1, qn+2, qn+3 ∈ Ci be distinct k-points that are different from the finitely
many nodes and marked points that are contained in Ci. Then every automor-
phism of the stable map is, in particular, an automorphism of the marked curve
(C, (q1, . . . , qn, qn+1, qn+2, qn+3)). The stability condition for stable maps implies
that this n+ 3-pointed curve is also stable. Since the stackM0,n+3 is a projective
scheme, the claim follows. 
For each finite sequence of positive integers, (d1, . . . , dc), let D be the product of di!
for i = 1, . . . , c. Let n be the unique integer such that the Fano index equals 2, i.e.,
n = 1 + (d1 + · · ·+ dc). Let B
′ be the affine space over Spec Z that parameterizes
ordered c-tuples (g1, . . . , gc) of homogeneous polynomials gi in variables (t0, . . . , tn)
such that deg(gi) = di. Let B ⊂ B
′ be the dense open subscheme that parame-
terizes such c-tuples whose Jacobian ideal has empty zero scheme, i.e., such that
Zero(g1, . . . , gc) is a smooth complete intersection of type (d1, . . . , dc) in P
n. Let
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XB ⊂ P
n
B be the universal smooth, complete intersection of type (d1, . . . , dc) and
Fano index 2.
Proposition 4.3. For the Z[1/D]-scheme BD, every point parameterizes a smooth
complete intersection X in Pn of type (d1, . . . , dc) and Fano index 2 such that there
exists an integral closed subscheme Y of the space M0,1((X,O(1)), 1) of pointed
lines in X with Y → X surjective, generically e´tale and tame.
Proof. By the proof of Theorem 1.13, it suffices to prove that the evaluation mor-
phism for 1-pointed lines is dominant and generically finite of degree D for the
generic complete intersection in characteristic 0.
For the function field K = Q(MQ) and the generic complete intersection XK ⊂ P
n
K
of type (d1, . . . , dc), the tangent direction of each line at the marked point defines
a closed immersion
τ :M0,1((XK/K,O(1)), 1) →֒ PXK (TXK/K),
whose image is, relative to the projection to XK , generically a complete intersec-
tion of type (2, 3, . . . , d1, 2, 3, . . . , d2, . . . , 2, 3, . . . , dc), cf. [Kol96, Exercise V.4.10.5,
p. 272], [Roj80, Lemma 4.3]. In particular, the codimension of this complete in-
tersection equals (d1 − 1) + · · · + (dc − 1) = (d1 + · · · + dc) − c. Of course the
projective bundle of the tangent bundle has relative dimension n − c − 1. Thus,
since n equals 1+(d1 · · ·+dc), this complete intersection YK has relative dimension
0 over XK , i.e., it is generically finite over XK . Finally, by Be´zout’s theorem, the
relative degree of this generically finite map equals (d1!) · · · (dc!) = D. 
Proof of Theorem 1.7. By Corollary 3.3 to prove that Xk is separably uniruled
by lines, it suffices to construct an irreducible closed subscheme YFrac(R) of the
Frac(R)-fiber ofM0,1((XR/R,O(1)), 1) such that the induced morphism YFrac(R) →
XFrac(R) is surjective and generically e´tale of degree prime to p. This is proved by
induction on n for every integer at least n0 := 1 + (d1 + · · ·+ dc).
The base case is when n = n0, in which case YFrac(R) exists by Proposition 4.3.
By way of induction, assume that n ≥ n0 + 1 and assume that the result holds
for n − 1. Denote by K the function field of P1 over Frac(R). Since Frac(R) is
an infinite field, by Bertini’s theorem, there exists a pencil of hyperplane sections,
X˜P1 ⊂ XFrac(R) × P
1, whose generic fiber X˜K is K-smooth. Thus X˜K is a smooth
complete intersection of type By the induction hypothesis, there exists an integral
closed subscheme Y˜K in M0,1((X˜K/K,O(1)), 1) such that Y˜K → X˜K is surjective
and generically e´tale of degree prime to p. Define Y˜P1 to be the closure of Y˜K in
M0,1((X˜P1/P
1,O(1)), 1). By covariance of the stack of stable maps, there is an
induced proper Frac(R)-morphism,
M0,1((X˜P1/P
1,O(1)), 1)→M0,1(XFrac(R)/Frac(R)), 1),
i.e., lines in the hyperplane sections of XFrac(R) give lines in XFrac(R) (that happen
to be contained in the specified hyperplane section). Define YFrac(R) to be the image
of Y˜P1 in M0,1((XFrac(R)/Frac(R),O(1)), 1). Since the generic fiber of YFrac(R) →
XFrac(R) equals the generic fiber of Y˜P1 → X˜P1 , also YFrac(R) is surjective, generically
e´tale, and of degree prime to p overXFrac(R). Thus, by induction on n, there always
exists an integral closed subscheme YFrac(R) of M0,1((XFrac(R)/Frac(R),O(1)), 1)
that is generically e´tale of degree prime to p over XFrac(R).
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By [GJ18], the closed fiber of XR has cyclic Picard group. Since the closed fiber is
separably uniruled, by [Tia15, Theorem 5, Corollary 9], the closed fiber is also freely
rationally connected, and the closed fiber is even separably rationally connected
when it is a complete intersection. 
Proof of Theorem 1.1. By hypothesis, for a tame, Galois base change by ÔB,b → R,
for a Γ-equivariant modification, the closed fiber over b is a smooth complete in-
tersection in Pn of type (d1, . . . , dc). By Theorem 1.7, the closed fiber is separably
rationally connected. By Theorem 1.4, the original family satisfies weak approxi-
mation at b. 
Proof of Theorem 1.20. We apply Corollary 1.18. By [CL16] and [Roj80], the tor-
sion order Tor(K,XK) divides d!, and existence of lines on such hypersurfaces
implies that i1(K,XK) equals 1. Thus, it suffices to prove that for the generic
Fano hypersurface X in PdK of degree d and Fano index 1 in characteristic 0, the
radical of the uniruling index u1(K,X) divides (d!)(d+ 1)Cd − 2
d). This is similar
to the proof of Theorem 1.7, except using pointed conics in place of pointed lines,
i.e., using
ev :M0,1((XK/K,O(1)), 2)→ XK .
Note that this requires working in characteristic prime to 2, but this is already
implied by the hypothesis on the characteristic. In the case of a Fano hypersurface
of index 1 in characteristic 0, the generic degree e of this map is computed in
[BH10],
e =
(d!)2
2d+1
(
(d+ 1)Cd − 2
d
)
.
As in the proof of Theorem 1.1, separable rational connectedness implies weak
approximation at places of (strong) potentially good reduction via Theorem 1.4. 
5. Complete Intersections with No Free Lines
For all integers n, d ≥, denote by gn,d the degree-d Fermat homogeneous polynomial
gn,d(t0, . . . , tn) = t
d
0 + · · ·+ t
d
n.
Lemma 5.1. For every algebraically closed field k of characteristic p prime to d, the
zero scheme Xk of gn,d in P
n
k is a k-smooth hypersurface. If d + 1 is p-nonspecial
and if n ≥ d, then every irreducible component of every fiber of the evaluation
morphism,
ev :M0,1((Xk/k,O(1)), 1)→ Xk,
has dimension strictly larger than the expected fiber dimension n− d− 1.
Proof. Consider M0,2((Xk/k,O(1)), 1) with its natural evaluation morphism to
Pnk × P
n
k = Proj k[s0, . . . , sn] × Proj k[t0, . . . , tn]. The image is the common zero
locus of the collection of bihomogeneous polynomials
gn,d,ℓ(s0, . . . , sn, t0, . . . , tn) =
n∑
j=0
(
d
ℓ
)
sd−ℓj t
ℓ
j , 0 ≤ ℓ ≤ d.
If any binomial coefficient
(
d
ℓ
)
is zero, then at least one gn,d,ℓ is identically zero.
Then, by Krull’s Hauptidealsatz, every irreducible component has dimension strictly
larger than the expected dimension. Since the difference of dimensions of domain
and image is a lower bound on the dimension of every irreducible component of
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every fiber of a morphism, also every irreducible component of every fiber of ev has
dimension strictly larger than the expected fiber dimension.
By hypothesis, d+ 1 is nonspecial, i.e., d + 1 = pv−1e for a p-prime integer e > p.
By the Division Algorithm, d equals pva + r for an integer a ≥ 0 and an integer
r with 0 ≤ r < pv. Since d + 1 = pv−1e > pv, it follows that a ≥ 1. Since d is
p-prime, also r ≥ 1. Since pv does not divide d+ 1, also r < pv − 1. Thus,
(s+ t)d = (s+ t)p
va(s+ t)r = (sp
v
+ tp
v
)a(s+ t)r =(
a∑
b=0
(
a
b
)
sp
v(a−b)tp
vb
)(
r∑
q=0
(
r
q
)
sr−qtq
)
=
r∑
q=0
a∑
b=0
(
r
q
)(
a
b
)
sp
v(a−b)+r−qtp
vb+q.
In particular, the coefficient of the monomial sd−ℓtℓ is nonzero only if ℓ is congruent
modulo pv to 0, . . . , r, i.e., only for r + 1 of the total pv congruence classes. Since
r + 1 < pv, there are some binomial coefficients that are identically zero. 
Proposition 5.2. Let k be an algebraically closed field of characteristic p. Let
(d1, . . . , dc) be positive integers such that there exists at least one i with di a p-
prime, p-nonspecial integer ≥ p. Let n ≥ 1 + (d1 + · · · + dc). Then there exists a
k-smooth complete intersection in Pnk of type (d1, . . . , dc) of Fano index ≥ 2 that
has no free lines.
Proof. Choose gi to be gn,di. By the previous lemma and the hypothesis that
di 6≡ 0(mod p), the zero scheme is k-smooth. By Bertini’s Theorem, for general
choice of homogeneous equation gj for j 6= i, the zero scheme Xk = Zero(g1, . . . , gc)
is a k-smooth complete intersection of type (d1, . . . , dc) in P
n
k . Yet, by the previous
lemma, every irreducible component of every fiber of
ev :M0,1((Xk/k,O(1)), 1)→ Xk
has dimension ≥ [n− 1− (d1+ · · ·+ dc)]+ 1. For a pointed free line, the evaluation
morphism is smooth with relative dimension equal to the expected dimension, [n−
1− (d1 + · · ·+ dc)]. Thus, there exists no free line in Xk. 
For every integer q ≥ 1, for d = qp, for every integer n, denote by gn;d the following
degree-d homogeneous polynomial,
gn;d = t0t
qp−1
n +
n−1∑
j=0
tqp−1j tj+1.
If p divides n+ 1, define g˜n;d = gn;d + t
d
0.
Lemma 5.3. For every algebraically closed field k of characteristic p, for every
p-divisible integer d > 0, for every integer n such that n+ 1 is p-prime, resp. such
that n + 1 is p-divisible, the zero scheme Xk of gn;d is k-smooth, resp. the zero
scheme Xk of g˜n;d is k-smooth. If the integer d is not p-special, and if n ≥ d, then
every irreducible component of every fiber of the evaluation morphism,
ev :M0,1((Xk/k,O(1)), 1)→ Xk,
has dimension strictly larger than the expected fiber dimension n− d− 1.
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Proof. Consider the indices of variables as elements in Z/(n+1)Z. Then the partial
derivative with respect to ti of gn;d and g˜n;d equals
∂tign;d = ∂ti g˜n;d = t
qp−1
i−1 − t
qp−2
i ti+1.
In particular, multiplying by ti gives
ti∂tign;d = t
qp−1
i−1 ti − t
qp−2
i ti+1.
Thus, modulo the ideal of partial derivatives,
I = 〈∂gn;d〉 = 〈∂g˜n;d〉,
every monomial with nonzero coefficient in gn;d is congruent to a common element,
say s = tqp−10 t1,
tqp−1i ti+1
∼= s (modI) , i = 0, . . . , n,
Summing over all i,
gn;d ∼= (n+ 1)s (modI) , gn;d ∼= t
pq
0 + (n+ 1)s (modI) .
If n+1 is not divisible by p, then for every i the element tqp−1i ti+1 is in the Jacobian
ideal of gn;d. Thus the radical of the Jacobian ideal contains t
qp−2
i ti+1. Using the
partial derivative above, the radical of the Jacobian ideal also contains tqp−1i−1 , and
thus ti−1. Since the radical of the Jacobian ideal contains ti−1 for every i, the
Jacobian ideal contains 〈te0, . . . , t
e
n〉 for some integer e ≥ 1. Thus, when n+1 is not
divisible by p, the zero locus of gn;d is smooth.
When n + 1 is divisible by p, then g˜n;d is congruent to t
pr
0 modulo I. Thus, the
Jacobian ideal contains tpr0 . Using the partial derivative above, the radical of the
Jacobian ideal contains t0. Using the partial derivatives for tn and tn−1, also the
radical contains tn and tn−1. Then using the partial derivatives for tn−2 and tn−3,
also the radical contains tn−2 and tn−3, etc. Finally, the radical of the Jacobian
ideal contains every ti, i = 0, . . . , n. So the Jacobian ideal contains 〈t
e
0, . . . , t
e
n〉 for
some integer e ≥ 1. Thus, when n + 1 is divisible by p, the zero locus of g˜n;d is
smooth.
As in the proof of Lemma 5.1, in the k-algebra k[s0, . . . , sn, t0, . . . , tn] write,
gn;d(s0 + t0, . . . , sn + tn) =
d∑
ℓ=0
gn;d,ℓ(s0, . . . , sn, t0, . . . , tn),
respectively, if p divides n+ 1,
g˜n;d(s0 + t0, . . . , sn + tn) =
d∑
ℓ=0
g˜n;d,ℓ(s0, . . . , sn, t0, . . . , tn),
where gn;d,ℓ, resp. g˜n;d,ℓ, is bihomogeneous in (s0, . . . , sn) and (t0, . . . , tn) of bide-
gree (ℓ, d− ℓ). If any gn;d,ℓ is identically zero, then by Krull’s Hauptidealsatz every
irreducible component of every fiber of ev has dimension strictly larger than the
expected dimension.
Now assume that the p-multiple, d = pq, is p-nonspecial. Then d equals pv−1e for
a p-prime integer e > p. By the Division Algorithm, d equals pva+ r for an integer
a ≥ 0 and an integer r with 0 ≤ r < pv. Since d = pv−1e > pv, it follows that a ≥ 1.
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Since pv does not divide d, also r ≥ 1. Since pv−1 does divide d, r is ≤ pv − pv−1.
Thus,
(s+ t)d−1 = (s+ t)p
va(s+ t)r−1 = (sp
v
+ tp
v
)a(s+ t)r−1 =(
a∑
b=0
(
a
b
)
sp
v(a−b)tp
vb
)(
r−1∑
m=0
(
r − 1
m
)
sr−1−mtm
)
=
r−1∑
m=0
a∑
b=0
(
r − 1
m
)(
a
b
)
sp
v(a−b)+r−1−mtp
vb+m.
In particular, the coefficient of the monomial sd−1−ℓtℓ is nonzero only if ℓ is con-
gruent modulo pv to 0, . . . , r − 1. Similarly, the summand
(sj+tj)
d−1(sj+1+tj+1) = (sj+1+tj+1)
r−1∑
m=0
a∑
b=0
(
r − 1
m
)(
a
b
)
s
pv(a−b)+r−1−m
j t
pvb+m
j ,
has nonzero bihomogeneous component of bidegree (d− ℓ, ℓ) only if ℓ is congruent
modulo pv to 0, . . . , r. Summing over all integers j, the bihomogeneous component
gn;d,ℓ of bidegree (d − ℓ, ℓ) is nonzero only if ℓ is congruent modulo p
v to 0, . . . , r.
Since r ≤ pv−pv−1, this is at most pv+1−pv−1 of the total pv congruence classes.
So, when d is p-nonspecial and n + 1 is p-prime, every irreducible component of
every fiber of ev has dimension strictly larger than the expected dimension.
When n + 1 is divisible by p, then g˜n;d has one additional monomial t
d
0 = t
pv−1e
0 .
By the Binomial Theorem,
(s0 + t0)
pv−1e =
e∑
b=0
(
e
b
)
sd−p
v−1b
0 t
pv−1b
0 .
Thus, the bihomogeneous component of bidegree (d− ℓ, ℓ) is nonzero only if ℓ is a
multiple of pv−1. In particular, the excluded congruence classes pv− pv−1 < ℓ < pv
for nonzero gn;d,ℓ is still excluded for g˜n;d,ℓ. Every prime p is ≥ 2. Also, by
hypothesis, d is divisible by p, so that pv−1 is at least p ≥ 2. Thus, the number
pv−1 − 1 of excluded congruence classes is ≥ 1. Thus, as above, every irreducible
component of every fiber of ev has dimension strictly larger than the expected
dimension. 
Proposition 5.4. Let k be an algebraically closed field of characteristic p. Let
(d1, . . . , dc) be positive integers such that there exists at least one i with di a p-
divisible, p-nonspecial integer ≥ p. Let n ≥ 1 + (d1 + · · · + dc). Then there exists
a k-smooth complete intersection in Pnk of type (d1, . . . , dc) of Fano index ≥ 2 that
has no free lines.
Proof. The proof is the same as the proof of Proposition 5.2, but using Lemma 5.3
in place of Lemma 5.1. 
Together, Propositions 5.2 and 5.4 establish Proposition 1.9.
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